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A one-d imens iona l  model  of admixture  d i spe r s ion  in a turbulent  s t r e a m  in a tube is  p roposed ,  
taking into account  the d i f ference  in the v i scos i t i e s  of the fluids being mixed. 

Let  us cons ider  the combined flow of two mutual ly  soluble f luids during which the fo rmat ion  of a 
mixing region separa t ing  the homogeneous  s t r e a m  components  occurs .  The dis tr ibut ion of the mean  con-  
cent ra t ion  o v e r  the tube c r o s s  sect ion in the mixing region can be descr ibed  by a one-d imens iona l  equation 
of the heat  conduction type with some effect ive  coeff icient  

O0 O ( K ,  O0 ) 

(1) 
K, = K,  ( pUd ~h O, O 0  ) 

~t I ~t,~ O~ 

A s tes t s  show, this coeff icient  d i f fers  f r o m  the m o l e c u l a r  and turbulent  t r a n s p o r t  coeff ieients .  I ts  d imen-  
s ion less  value depends on a number  of p a r a m e t e r s  such as  the Reynolds number  calcula ted for  one of the 
fluids, the roughness ,  the ra t io  between the fluid dens i t ies  and v i scos i t i e s ,  as  well  as  the concentrat ion,  
concentrat ion grad ien ts ,  etc.  These dependences can be es tab l i shed  by using e i the r  t e s t s  o r  on the bas i s  
of a theore t ica l  solution of the t h r ee -d imens iona l  mixing p rob l em in a s t r e a m  in a tube. 

F r o m  this viewpoint,  a one-d imens iona l  model  of d i spers ion  with an effect ive coefficient  dependent 
only on the Reynolds number  is  cons t ruc ted  theore t ica l ly  in the known pape r  of Tay lo r  [1]. This l a t t e r  
c i r cums tance  is  due to the fact  that Tay l o r  took the densi ty  and v i scos i ty  of the fluids being mixed as  iden-  
t ica l  in cons t ruc t ing  the model.  

If these a s sumpt ions  a re  re jec ted ,  then the one-d imens iona l  model  of d i spe r s ion  is  more  complex 
since,  in this case ,  the effect ive coeff icient  will depend on the concentra t ion dis t r ibut ion in the mixture  
region.  Let  us e s t ima te  the influence of the d i f ference  between the fluid v i scos i t i e s  on the quantity of 
mix tu re  being fo rm ed  and on the concentra t ion distr ibution.  To this end, let  us cons ider  the f luids being 
mixed in the s t r e a m  in the tube to have ident ical  dens i t ies  but dis t inct  v i scos i t i e s .  Such an assumpt ion  
co r r e sponds  well  enough to the case  of the motion of two d ive r se  p e t r o l e u m  produc t s  whose dens i t ies  di f fer  
to a cons iderab ly  l e s s e r  extent  than do the v i scos i t i e s .  

Let  us cons ider  the concentra t ion  dis t r ibut ion fo r  t imes  much g r e a t e r  than the diffusion d2/D0, when 
the length of the mixing region becom es  much  g r e a t e r  than the tube d iamete r .  Because  of the rad ia l  dif-  
fusion substant ia l  inhomogenei t ies  in the concentra t ion  in the tube c r o s s  sect ion vanish  for  such t imes  and 
only insignif icant  deviat ions of the va lues  of the concentra t ion f r o m  the mean  va lues  in the tube c r o s s  s e c -  
tion will ex i s t  in the mixing region (these deviat ions  a re  due to the in_homogeneous convective t r a n s f e r  be -  
cause  of the ve loc i ty  prof i le) .  

For  an o b s e r v e r  moving a t  the mean  s t r e a m  ve loc i ty  in such a mLxing region,  the concentra t ion  p r o -  
fi le hard ly  v a r i e s  with t ime.  Hence, the local  t ime der iva t ive  of the concentrat ion can be d i sca rded  in the 
equation descr ib ing  the concentra t ion dis t r ibut ion in a moving coordinate  sys tem.  We have 

(u - -U) .~x  -- 1 OrO [ rS(r) 0@]. (2) 
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The der iva t ive  c x i s  r ep laced  by 0 x in the lef t  side of this equat ion because  of the s m a l l n e s s  of the 
rad ia l  inhomogenei t ies .  The solution of (2) which sa t i s f i e s  the condition that  s t r e a m s  of m a t e r i a l  on the 
inner  tube sur face  a re  ze ro  i s  

�84 ) oo (u - -  U) ,ad,~ dr. (3) 
C =  CO-- ~ X  

r 0 

The function c0(t, x) can be determined in terms of the distribution of the ~ a n  stream concen~atton. We 
have 

1 oo rdr ( u - - U ) n d n  . (4) 
co= 0 + ~ O---x ~[ e(r) 

0 ' 0 

The effect ive coeff icient  of turbulent  diffusion [2] can be found by using the dis t r ibut ion (3). We have 

K = 2 ' dr (u - -  U)nd~l . (5) 

0 r 

Two unknown functions,  the ave rage  s t r e a m  ve loc i ty  and the coeff icient  of turbulent  diffusion, a re  in this 
formula .  Mate r ia l  and m o m e n t u m  t r a n s f e r  occur  with a l m o s t  equal  in tens i ty  in a turbulent  flow, hence,  
we a s sume  the t r a n s f e r  coeff ic ients  D t and v t identical .  Then the quanti ty D t in a s t r e a m  in a tube can be 
ca lcula ted  by m e a n s  of the following 

D t = - u ,  a \ O r )  

To de te rmine  the ve loc i ty  prof i le ,  le t  us take a two- l aye r  scheme for  a turbulent  s t r e a m  in a smooth  
tube, a l a m i n a r  l aye r  n e a r  the inner  tube sur face  and a turbulent  l aye r  in which the s t r e a m  molecu l a r  v i s -  
cos i ty  p lays  no substant ia l  ro le  in the fo rma t ion  of the ve loc i ty  profi le .  The whole influence of the molecu-  
l a r  v i s c o s i t y  on the ve loc i ty  dis t r ibut ion and o ther  s t r e a m  p a r a m e t e r s  is  local ized in the l amina r  l aye r  in 
this scheme.  

The equation to de t e rmine  the ve loc i ty  in a l amina r  l ayer  is  

Ou _ u2. , v = v (c, ~1, %), 0 < y < y+. (7) 
O,-'j 

The equation d i f fe rs  f r o m  the analogous equat ion fo r  a homogeneous  s t r e a m  in that the v i s cos i t y  of an iaho-  
mogeneous  fluid i s  a va r i ab le  in it ,  dependent  on the concentra t ion  dis t r ibut ion.  Hence, i t  i s  imposs ib le  to 
solve (7) without knowing the concentra t ion  dis t r ibut ion which, in turn,  depends on the ve loc i ty  of the in-  
homogeneous s t r e am .  

Let  us expand the function of the concent ra t ion  c(t, X, Y) in a Tay lo r  s e r i e s  in y in the neighborhood 
of the point y = 0: 

(t, x, y) ~o(t, x ) +  { ~ ~ y_L _~: . . . .  (s) 
\ Oy~]o 2! 

By using (3), l e t  us e s t i m a t e  the magnitude of the second t e r m  in this expansion within the l imi t s  of the 
l a m i n a r  l aye r  

I (9) 

I t  follows f r o m  this e s t ima te  that  the value of the second m e m b e r  depends on the re la t icnship  between the 
c h a r a c t e r i s t i c  t ime in t e rva l s  a s soc i a t ed  with the convective t r a n s f e r  and the mo lecu l a r  diffusion in the 
l a m i n a r  l ayer .  

Le t  us hencefor th  cons ider  the t ime in te rva l  within which the concentra t ion  changes e s sen t i a l  because  
of convect ive t r a n s f e r  to be an o r d e r  of magnitude g r e a t e r  than the diffusion constant  (Tk/~" ~ >> 1). In this 
ease  the concentra t ion  in the l a m i n a r  l aye r  can be taken approx ima te ly  equal  to c0(t, x). 

Taking this approximat ion ,  we de t e rmine  the ve loc i ty  prof i le  in the l a m i n a r  l aye r  

u =  u2* g, v = V ( C o ,  vl ,  %), O ~ g ~ y + .  (10) 
"V 
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To de te rmine  the ve loc i ty  prof i le  in the core  of the turbulent  s t r e a m ,  let  us make assumpt ions  which 
r e su l t  in a logar i thmic  ve loc i ty  prof i le .  Le t  us a s sume  the f r ic t ion  s t r e s s  in the turbulent  l aye r  to be con-  
stunt  and equal  to the f r ic t ion  s t r e s s  on the inner  tube sur face .  Let  us define the turbulent  s t r e a m  v i scos i t y  
by the P rand t l  f o rm u l a  by cons ider ing  t = ~y: 

l~ 0 u  
vt = Oy ' y+ < y < a, • = 0.4. (ii) 

Under  the a s sumpt ions  made,  the ~ m e n s i o n l e s s  ve loc i ty  prof i le  is  

tp = 2,5a In ~ + (p+, q > ~+. (12) 
0+ 

This profile differs from the analogous velocity profile for a homogeneous stream in a tube by the fact that 
the p a r a m e t e r s  a ,  ~/+ and 9+ a re  functions of the v a r i a b l e s  r and ~ since they depend on the mean  concen-  
t ra t ion  dis t r ibut ions .  The expansion fo r  the fluid ve loc i ty  prof i le  in the mixing region is  used to calculate  
the quant i t ies  K ,  and c o in the turbulent  s t r e a m  core .  We have 

a0 ~ 0. (13) K , =  2.82~, c o -- 0 + 3.9 0~ 

In con t r a s t  to the analogous Tay lo r  f o rmu la  fo r  K , ,  the quanti ty ot and the re fore ,  the effect ive coef -  
f ic ient  of diffusion K .  evaluated by means  of (13), depend on the concentra t ion distr ibut ion.  

Using (12), le t  us evaluate  the mean s t r e a m  ve loc i ty  and obtain an equation to de te rmine  ~ as  a func-  

tion of {9 if,  ~): 

1 = pcz + 2.5a ~ Re 3 (14) 

The Reynolds  number  in this fo rmula  is  eva lua ted  in t e r m s  of the v i scos i ty  v (O) 

Re = (~tlv (0, ~1, n))  Rel. 

We evaluate the k inemat ic  v i s cos i t y  v(O) by means  of the fo rmula  [3] 

1 1 1 

v-3-= vl~0 + v2-'Y(1 -- 0). 

(15) 

(16) 

Taking these l a s t  two equat ions into account,  (14) can be r ewr i t t en  as  
l 

Now (14) fo r  a fixed value of 0, a g r e e s  with the theore t ica l  P rand t i  f o rmula  to calculate  the hydraul ic  d rag  
of a homogeneous s t r e a m  whose v i scos i ty  equals  the v i scos i ty  of the mixture  for  the se lec ted  value of 0. 
Within a broad  range of Reynolds  numbers ,  the dependence of o~ on Re,  de te rmined  by the Prandf l  fo rmula ,  
can be approx imated  by the Colebrook function 

If i t  i s  a s s u m e d  that Re = ( v l / v ) R e  1, this same dependence will approx imate  the re la t ion  between a and 1Re 
de te rmina t ion  by (14) for  each  fixed value of 0. 

In c o n s t r a s t  to (14), the dependence (18) is  expl ic i t  and i ts  use will s impl i fy  the d i spe r s ion  model  sub-  

stantial ly.  

Using (18), let  us wri te  the expl ici t  concentra t ion dependence of the effect ive coefficient  of diffusion 

I 

[ 1 K. = r 1 13 In (0 +v0 a (1 - -  0)). , 
In Re~ 

7 (19) 

1 .Rei) - I  Y2 F : 1 . 2 8  In--x- , v o : -  �9 
/ V l  

In o r d e r  to compare  the concentra t ion dis t r ibut ions  in the mixing reg ions  evaluated fo r  v 0 < 1 and 
v 0 > 1, let  us find the solution to (1) for  the p r o b l e m  of success ive  repumping  of two fluids, when one moves  
a f t e r  the other .  
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Fig .  1. C o n c e n t r a t i o n  d i s t r i b u t i o n  0 (z) f o r  the f lu ids  
fo l lowing  in a d i f f e r e n t  o r d e r .  (The s o l i d  c u r v e  c o r -  
r e s p o n d s  to the p a r a m e t e r s  Vz/V 1 = 0.435, Re  1 = 6" 104, 
and  the d a s h e d  c u r v e  to Vz/V1 = 23, Re  1 = 1.3 �9 I06) .  

The l i m i t  c o n d i t i o n s  f o r  t h i s  p r o b l e m  a r e  

o (o, ~) = o, o (~, - -  oo) - 1, o (T, + oo) :=_ o. 

The  p r o b l e m  a d m i t s  of  a s e l f - s i m i l a r  s o l u t i o n  d e p e n d e n t  on one v a r i a b l e  z = ~/2~/ i 'T .  
s a t i s f i e s  the fo l lowing  equa t ion  and b o u n d a r y  c o n d i t i o n s :  

- -2z  dOdz -- dzd [ r dO ] ~ ,  0 ( - - ~ ) - - 1 ,  O ( - I - ~ ) = O ,  

= (1 - -  b In (0 q-v~/3 (1 - -  0))) -~, (21) 

( )-' b = 3  l n ~ - I  Re1 . 
7 

To so lve  the p r o b l e m ,  l e t  us  use  the m e t h o d  d e s c r i b e d  in  [5]. L e t  u s  i n t r o d u c e  the new func t ion  f ; 1--0 
and  the i n d e p e n d e n t  v a r i a b l e  z ,  = z + z 0. L e t  us  r e w r i t e  (21) thus  

e z ,  ( i  - 0 in  ( l  - 1 - "  2 - = 0,  

1 (22 )  

7 -= 1 --v03 , f = f (z,). ' 

L e t  us t r a n s f e r  the l i m i t  cond i t ion  f o r  z = _ . o  to the p o i n t  z = - - z  0. 
t ion f ( z . )  b e c o m e  

[ (0) -- O, f (I-  cr = 1. (23) 

L e t  us i n t r o d u c e  the l i n e a r  t r a n s f o r m a t i o n  

(2 O) 

The d e s i r e d  so lu t i on  

Then the l i m i t  c o n d i t i o n s  f o r  the f u n c -  

[ ::: As,h, z, = A ~ z l  

and l e t  us  g ive  s t i l l  a n o t h e r  b o u n d a r y  cond i t i on  

df (0) __ A. (24) 
dz, 

L e t  us  take  the e x p o n e n t s  c~ 1 and  ~2 in  such  a w a y  tha t  (22) f o r  the func t ion  h(zl)  and  cond i t i on  (24) would be 
i n d e p e n d e n t  of  A. To do th i s  we s e t  ~1 = 1, ~2 = 0 and i n t r o d u c e  a new c o n s t a n t  5 = TA. Then  we so lve  the 
C a u c h y  p r o b l e m  wi th  the fo l lowing  l i m i t  c o n d i t i o n s  

h(O)=O, dh(O) = I .... (25) 
dzl 

f o r  (22) wi th  the unknown func t ion  h(z 0 f o r  s o m e  f i x e d  va lue  of the p a r a m e t e r  5. F o r  the so lu t ion  found 
f r o m  the cond i t ion  a t  Zl = ,o we d e t e r m i n e  the c o n s t a n t  A = (h(~o))-I and  we c a l c u l a t e  the d e s i r e d  func t ion  
0 = 1- - (h ( ,o ) ) - lh (z l - -z0) .  The q u a n t i t y  A d e p e n d s  on the p a r a m e t e r  5, which  we v a r i a t e  in  such  a w a y  a s  to 
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f ind the  solution of the initial p rob lem for  a given value of v 0. Computations have shown that the quantity 
z 0 should be taken equal to 2.5. For  z 0 > 2.5 the solutions 0(z) are  p rac t i ca l ly  identical. Represented 
graphica l ly  in the figure are  solutions of the p rob lem (21) for  the following set of p a r a m e t e r s :  v 0 = 23, Re 1 
= 1.3.106 and v 0 = 0.435, Re 1 = 6.104. The change in the concentrat ion distr ibution as a function of the 
o rde r  in which the fluids follow can be t raced  for  identical  pipeline product ivi ty  by means of these graphical  
solutions. (The subscr ip t  �9 1 r e f e r s  to the p a r a m e t e r s  of the fluid moving f r o m  behind. ) 

The quantity of one fluid incident on the other  can be es t imated by means of the magnitudes of the 
a rea  over  the curve 0(z) in the region z < 0 and under this curve for  z > 0. The sum of these a reas  cha r ac -  
t e r i zes  the total quantity of fluid being mixed. In the case under considerat ion this sum is 10% grea te r  if 
the more  v iscous  fluid moves in front. It hence follows that the quantity of mixture being formed depends 
on the o rde r  in which the fluids follow and it will be g r ea t e r  when the more  viscous fluid moves in front.  

A model of mixing fluids with different v i scos i t ies  was considered above in which i t  is  assumed that 
the equalization of the concentrat ions occurs  instantaneously (r k >> rd)- Another l imit  case would be of 

�9 in teres t ,  when Tk<< r d and the concentrat ion of the fluid moving in front in the laminar  layer  does not suc-  
ceed in being changed during the passage  of the mixture through the section selected. In this case,  we 
should set  0 = 0 in (19) for  the calculation of the effective diffusion coefficient. A l inear  equation is hence 
obtained for  the concentrat ion distribution. If the quantity of admixture is compared  as a function the o rde r  
of success ion within the f r amework  of this model then it turns out that the total quantity of the admixture 
in each of the fluids is  15% g rea t e r  for  the same values of the p a r a m e t e r s  v 0 and Re I ff the less  viscous fluid 
moves  f rom behind than for  a r eve r s e  o rde r  of success ion when the less  viscous fluid moves in front. 

Therefore ,  on the basis  of the one-dimensional  diffusion model taking account  of the difference in the 
fluid v iscos i t ies ,  we have succeeded in showing in what way the o rde r  of fluid success ion influences the 
quantity of mixture being formed and the concentrat ion distribution. Qualitatively s imi lar  resu l t s  have been 
obtained in [4] in which a model taking account of the difference in v iscos i t ies  has been constructed on the 
basis  of tests.  

0 
r = Ut /a ;  

�9 t 

U 
= x/a  

a 

K, = K/Ud; 
K 
/~i and v i 
Do 
u(r) 
r 

e = D + Dt; 
D and D t 
c 

Co 
u .  

Y 
Y+ 
/J 

vt 
= x / L ;  

L 
~o = uA3; 
Ol = U , / ~ ;  

W=y/a;  

~+ 
Re t = Ud/v t; 

Vo = v2/vl; 
z = [ : / 2 ( ~ - ~ ;  

N O T A T I O N  

is the mean concentrat ion over  the tube c ros s  section; 

is  the time; 
is  the mean s t r eam velocity;  
is  the distance in a moving coordinate sys tem;  
is  a tube radius;  

is the effective coefficient of  diffusion; 
are  the fluid v iscos i t ies ;  
i s  the typical value of the coefficient of turbulent diffusion; 
is  the average s t r eam velocity;  
is  the distance along the radius;  

are  the coefficients of molecular  and turbulent diffusion; 
is the average concentrat ion;  
is the value of the concentrat ion on the inner  tube surface;  
is the dynamic turbulent velocity; 
is  the distance f rom the inner  tube surface;  
is  the laminar  l ayer  thickness;  
is the mixture viscosi ty;  
is the turbulent v iscosi ty ;  

is  the length of mixture region; 

is  the dimensionless  veloci ty  on the laminar  l ayer  boundary; 
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r k = L/U;  

y+ = ll.5v/a,; 

--- 11.5. 

lo 
2. 

3e 
4. 
5. 
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